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Abstract haptic representation, which may be as simple as a single
Many haptic rendering problems can be expressed RPint.
terms of constraints on the motion of a proxy within &
virtual environment. This principle is well establisheg
for surface rendering, and can also be applied to other
types of haptic interaction. A key problem in general
constraint based rendering is combining constraints
from several sources into a single unified constraint.
This paper describes some work in progress toward
developing a mathematical framework for manipulating
motion constraint equations, and in particular the derit Figure 1: PHANToM and proxy.
vation of a combination algebra for constraints. This
work could lead to a system for 6DOF rendering involv-

ing non-trivial proxy shapes. The two major haptic rendering SDKs/APIs (Software
Development Kits or Application Programming Inter-
Keywords: haptics, constraints, proxy, 6DOF. faces) currently available (that we know of) are GHOST

from SensAbled] and Magma from Reachiri][ Both
provide separate facilities for shape based surface ren-

1 Intmd_uc“on dering and abstract haptic effect or force field rendering.
In a previous PUG papet][(and see alsa2[3]) we g\‘gt

: ) . ly the surface rendering interfaces allow manipulation
described an approach to haptic rendering based on he proxy position (in GHOST called the Surface

use of constraints, and in particular the use of a COpiact Point or SCP). Thus to program a haptic con-
strainedproxy. The use of a proxy (or god-object) forstraint using the proxy technique, one must implement

haptic surfa_ce re”de“”g IS descrlbed5[p {1_nd ISNOW & the constraint using the surface interface, or implement a
well _estabhshed technique. The basic idea is that t@%cond proxy. The second proxy solution is messy, and
physwal movements of f[he .PHANTOM are tracked by foesn't integrate well with surfaces that use the built-in

virtal proxy object moving in a virtual environment, ai}roxy. The surface interfaces are, naturally enough, good

shown_ in Figure 1. Wherea_s the_PHANToM MOVeSor effects that act like surfaces, but awkward to use for
freely in space, the proxy object will encounter V'rtu%ore general effects

objects and fields which will constrain or change its

motion. The difference between the_ free motion of th?he context of the work described in this paper, then, is
PHANTOM and _the constramed motion of the ProXy 13he development of a new approach to specifying haptic
u;ed as the basis for generating contact forces. T_h|5 teF@ﬁdering that unifies surface and other types of render-
nique is used fqr surface rend_ermg by preventing tnﬁg into a single framework based on constraining the
proxy from moving from one side of a surface _to_thpmotion of a proxy. This is work in progress, with the

oth_er. It can also be used for_of[her types of hapt'(? Int%’ajority of the framework still under development. This

actions, for example: constraining the proxy to a line aper describes some of the mathematical formalisms
plane. A graphical representation of the proxy will us fhat have been developed so far for specifying and

ally be rendered in the user interface to provide m““lﬁanipulating constraints on the motion of a proxy.

modal feedback. The graphical and haptic properties of

the proxy are not necessarily the same — the gra_lphifg provide slightly more context for the mathematics,

may be considerably more elaborate than the haptic Il gjger the problem of implementing a haptic scene-

dering, for example. In this paper, “proxy” refers to th%raph object, which could be a solid shape, a deformable
shape, or some abstract force field. At each traversal of



the scenegraph, the object may be required to solve tiirae. That is, the difference between two configurations
problems of collision detection and contact registratioyver an intervat  will be

Contact registration means, upon detecting a collision,

registering the contact with the rendering system. The (A & xt, wt)

contact is the focus of a two-way communicatio
between the scenegraph object and the rendering syst
The system must combine the effects of all registergBotion can be represented by a tufde & x, w) which
contacts to produce a new proxy position, an outpean be directly computed from the difference between
force, and dynamic information to feed back to théhe initial and final configurations of the PHANTOM
scenegraph objects to update their internal state (eayer a sampled interval.

deform). One aspect of the contact is the local topology

in a neighbourhood of the contact point. This can bgs g body moves in space over time, a péint  on the
expressed as constraints on the motion of the proyudy will move through a curve or trajectory in space

around the contact point. It is essential that the topologj;i-h we can describe (1) For the proportional
cal information from separate objects, which act inde- '

pendently of each other, can be combined by the syst&f €W motion(A, & x, «) , and taking [0, 1] , the
to give a single result. This is the motivation for the algdrajectory of a point is given by the equation
braic treatment described later in the paper. P(t) = Py+ (—r) + xta+r cos(wt) + (1)

(& r)a[1-cos(wt)] +(&xr)sin(wt)

cr)rr]given constant®\ & x an@ . Thus the complete

2. Motion and constraints _ o 3

We will assume that the proxy is a rigid body, and it¢herePq is the initial position dP  and = (A —P,)
motion is described by rigid body kinematitk [At any  The tangent of the trajectory at any point is given by the
instant in time, the configuration of a body in space caterivative of the curve at that point with respect to time:
be described by its position and orientation with respect
to some fixed reference “origin”. If the configuration of a
body in motion is sampled at discrete times, the differ-
ence between any two such configurations can be repiidis tangent can be thought of as describing the direc-

P'(t) = xa—wrsin(wt) + (2)
w(a-e r)asin(wt) + w(a xr)cos(wt)

sented by a tuple tion that the poinP is moving in at tinte . Initially, at
(A 3 X, w) timet = 0, the tangent is
whereA is apointd is a unit vector, is a distance and P(0) = xa+ w(ax (A-Py)) 3)

w is an angle. Herd s called the anchor point, angje call xa the translational component of the tangent

together witha defines a line which is an axis of rotagq w(ax (A—Py)) the rotational component.
tion. The difference in configurations can be interpreted

as the effect of a translation of the body along the axis lEyur goal is to be able to express constraints on the com-
a distancex , and a rotation around the axis countéjete motion of the proxy as the combined effect of sim-
clockwise by the angleo . ple constraints on the motion of individual points in the

proxy. One way these constraints would arise is if a point
We assume that the motion of the PHANToM is an arbpn the surface of the proxy was in contact with the sur-
trary continuous motion sampled at discrete times. \Wace of an object in the scene. A constraint on the motion
wish to approximate this motion over a sampling intervalf a point can be expressed as a constraint on the tangent
by a simple substitute motion that is easily represente@f. the trajectory of the point under the motion. For the
We choose a form of screw motion where the translatidg@mainder of this paper we will make two further simpli-
distance and rotation angle change proportionally ovéfing assumptions:

* We express motion constraints as constraints on the
tangentP'(0) at the start of a sampling interval
only, not on the trajectory over the interval,

1. This representation is possible due to a corollary to Euler’s theorem
that Goldstein], p.163] attributes to Chasles.



* we wish to constrain the translational component « ParaTan(P, f): the tangentoP at = 0 is par-
and the rotational component of the tangent sepa-
rately.

A more general approach will be left for future work. * FixPoint(P): the tangent oP at = 0 s zero,
However, this simplified version may serve as a good  so thatP s fixed.
enough approximation for the purposes of haptic render-

ing.

allel to unit vectom .

Fixed : the entire body is fixed.

We can identify the set of motions permitted by each of

3. Constraint equation algebra these cases by using the tangent equation Eqgn. (3). First,
To recap, we have a representation for a particular cl&me notation for parallel and perpendicular vectors. We
of rigid body motions as tuples of the form define

M = (A 3 X w) ullv=(uxv=0) @
and we have an equation (Eqn. (3)) that describes a tan- ubv=(uev=0)
gent of the trajectory of a point under such @ motion. Bynen remembering the assumption that the translation
specifying a condition that must be satisfied by the ta'&'omponent and the rotation component will be con-
gent of some poinP , we can identify a set of motionstrained independently, we can derive the following defi-
that will make the tangent satisfy the condition. Thus gitions:
constraint equatioron the tangent defines a set of legal

motions. Clearly, there is a wide variety of conditions (A & x w) [ Free = TRUE ()

that can be placed on the ta_n_gent. We wish to choose 6“\ a x, ) O PerpTan(P, i) = ©6)

useful subset of thesg conditions and develop a mgthe- {(x=0)OR (aA)} AND

matical and computational ffamework for mampu_latmg {(w=0)OR ((ax (A= Py)) OA)}

them. In other words, we wish to developanstraint

equation algebra (A & x, w) 0 ParaTan(P, h) = (7)
{(x=0)OR (allh)} AND

An algebra, in the most general sense as used in alge- {(w=0)OR ((ax(A="Py)) IlN)}

braic software specification, is simply a collection of sets

and functions and relations that satisfy some chosen axi- (A & X, w) O FixPoint(P) = (8)

oms. To specify an algebra, we need to define what sets {x=0} AND

there are, what elements are in them, and what operators {(w=0)OR (all(A-Py))}

Gofining an abstract cata ype n software. In thie case, (A3 %) 0 Fred = ©

) ' {x=0} AND{w = 0}

we wish to define a set of constraint equations, and a sin-

gle operator to combine pairs of constraint equations. We i o ) )

will want the operator to be idempotent, commutativghe zero motion that_ satisfiddxed . will satlsfy.alllof

and associative, so the resulting algebra will have ti8€ other constraints. A motion that satisfies

form of a semi-lattice. FixPoint(P) must be a pure rotation around an axis
throughP , and will satisfy any other constrainti®n

4. The base cases

We start by defining a set of constructors, or generators, Composition

or “base cases” for the set of constraint equations. Thegg now define a composition operator on constraint

are the building blocks which will be combined to Creatgquations, denote@, C, . The motions that satisfy
the complete set. As we have described, we wish to

define these mostly in terms of constraints on the tangdfg combinatiorC, J C, should be precisely those that

of a particular point at the start of an interval. A usefatisfy both of the constraints; a@, . Thus we

set of base cases is: define

¢ Free: free motion of the body. MO (C,0C,)=(MOC,)AND(MOC,) (10)
e PerpTan(P, f):thetangentoP at = 0 is per-

) ) N Another way of saying this is th&, 0 C, is the inter-
pendicular to unit vectoi

section of the set€, ar@, . Thus, we know this com-



position operator satisfies the axioms required of a senfiore it is best to try to match the rotation component of
lattice (idempotency, commutativity, associativity),the motion as closely as possible. This will minimise the

because set intersections do.

discrepancy between the orientation of the haptic device

and the orientation of the proxy, which will minimise the
The complete set of elements in the algebra is therefaexjuired torques. Note that the screw motion representa-
all those generated by the five base cases, plus the cdimn naturally isolates the translation and rotation com-
position of any two other elements. This is essentially onents of the input motion.

recursive definition, and computationally would require

a recursive data structure to represent the elements described in the introduction, this formulation of con-
However, we can make some observations to simplifstraint equation algebra is just one part of a larger speci-
this. Firstly, suppose that all constraints must be applididation for a new approach to haptic rendering. Our

to the same poin®

. This would be the case for a 3Ddpture work will be the continued development and

rendering system with a single point proxy, or, such as {fiplementation of this approach.

Magma, a small spherical proxy where all constraints are
translated to apply to the centre of the sphere. It turns out
that the five base cases completely characterise the 3[31?
tem. That is, every combination of two or more con-
straints applied to the same point are equivalent to a
simple constraint applied to the same point. Mostly, the

result of C, 0 C, is eithelC; ofC, oFixPoint(P)
The only interesting case is

NOT(f, 1) O 3]
(PerpTan(P, i) O PerpTan(P, i) = ParaTan(P, iy x A,))

For the general case where constraints can be applied to
different points on the proxy, there are definitely morg)
elements required. However, it appears that the five base
cases plus the six pairwise combinations of the non-triv-
ial base cases will be enough to completely characterise
the space. So, all constraints could be represented in a
flat data structure with eleven types of elements. The
proof of this conjecture is work currently in progress. [5]

6. Future work

The combination algebra developed above makes it pos-
sible to reduce a set of independent constraints to a sin-
gle constraint that must be satisfied by the motion of the
proxy. Given a potential motion and a constraint, there j§
a straightforward decision procedure to determine if the
motion satisfies the constraint. However, if a motion o[f7]
the proxy does not satisfy the constraint, it is necessary
to find an alternative motion that does. This is alway,
possible (the zero motion satisfies any constraint), so [?A
fact the problem is to find the “best” alternative motion.
The optimal solution may be different for each of the
eleven constraint cases (of course, Bied fereek

cases are easy!) Once the development of the algebra is
complete, this will be the next problem to be solved.
Some cases have been solved already. We assume that, at
present, most haptic rendering will be done using a
3DOF output device, or a 6DOF device where the rota-
tional fidelity is less than the translational fidelity. There-
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